We use a local density functional theory in the square gradient approximation to explore the properties of critical nuclei for the liquid-vapor transition of van der Waals fluids in cylindrical capillaries. The proposed model allows us to investigate the effect of pore size, surface field, and supersaturation on the behavior of the system. Our calculations predict the existence of at least three different pathways for the nucleation of droplets and bubbles in these confined fluids: axisymmetric annular bumps and lenses, and asymmetric droplets. The morphological transition between these different structures is driven by the existence of states of zero compressibility in the capillary. We show that the classical capillarity theory provides surprisingly accurate predictions for the work of formation of critical nuclei in cylindrical pores when line tension contributions to the free energy are taken into account.
I. INTRODUCTION
The processes of capillary condensation and cavitation in porous materials have attracted the attention of scientists for more than one hundred years. 1 However, recent developments in the physics and chemistry of nanostructured materials have reshaped the nature of the experimental and theoretical work in this area. 2, 3 Investigations of the properties of such systems have provided valuable insights into the physical and chemical effects of varying dimensionality and confinement. They have also been crucial in the development and application of microporous and mesoporous materials that are widely used for pollution control, mixture separation, and catalysis in the chemical industry. Confinement effects are also important in lubrication and adhesion processes, as well as in controlling the flow, diffusion and selective absorption of aqueous solutions, pollutants, and oil in soil and porous rocks.
A wide variety of theoretical techniques have been developed to analyze the thermodynamic properties of equilibrium phases in pores with diverse geometries. 2, 3 Fewer studies have focused on the dynamics of phase transitions under confinement. 4 -9 However, these types of investigations are necessary to understand important aspects of capillary condensation and cavitation that depend on fluid dynamics or pore topology. The initial work developed in this area has been focused on the behavior of confined fluids in slit pores. More recent studies have started to explore the condensation and evaporation pathways of fluids in cylindrical pores using macroscopic and mesoscopic theories, [10] [11] [12] and Monte Carlo simulations. 13 In this paper, we extend our work based on density functional theory to study the thermodynamic properties of critical nuclei formed in cylindrical capillaries. For this purpose, we apply a local density functional based on a square gradient approximation. A similar model has been previously used by one of the authors to explore heterogeneous nucleation in slit pores. 9 We analyze the essential features of the morphological transition between critical clusters with annular and lenslike symmetry, and investigate the effect of pore size and solid-fluid interactions on the properties of the system. Additionally, we compare the results of our work with predictions derived from a classical capillarity theory.
The following section of this paper presents the basic features of the proposed density functional theory for an inhomogeneous van der Waals fluid in a cylindrical pore. In Sec. III the equilibrium phase behavior of the system is described. The central results of this work are presented in Sec. IV, where the properties of critical nuclei are analyzed. Section V introduces the classical capillarity theory and compares its predictions for the work of formation of critical nuclei with those derived from density functional theory. Finally, Sec. VI presents our conclusions.
II. DENSITY FUNCTIONAL THEORY
Let us consider a van der Waals fluid confined in a cylindrical pore of radius R. The thermodynamic properties of this inhomogeneous system can be derived by minimizing the corresponding grand potential ⍀͓͑r͔͒ with respect to the local density ͑r͒ at a given temperature T and chemical potential . In a gradient square approximation, ⍀͓͑r͔͒ can be expressed as 14, 15 
where f ͓(r)͔ is the local Helmholtz free energy density, and the square-gradient term describes the excess free energy associated with the inhomogeneity of the system. For the van der Waals fluid, the local Helmholtz free energy density is given by
where k is Boltzmann's constant, and a and b are phenomenological parameters. These parameters, a and b, are chosen to include the effect of the long range attractive forces between particles and the molecular size, respectively. The last term in Eq. ͑1͒ introduces the solid-fluid interactions in the system, which are assumed to be sufficiently short ranged that their contributions to the free energy depend only on the density at contact R :
where h is the surface field and g is the possible enhancement of molecular interactions due to the substrate at R. For this study, we consider pores with an infinite length in contact with a reservoir of fluid that determines the system's temperature and chemical potential. The external van der Waals fluid exhibits a liquid-vapor phase coexistence at temperatures lower than the critical value kT c ϭ8a/27b. The properties of equilibrium inhomogeneous states at fixed T and are determined by the minimization of the grand potential ⍀͓͑r͔͒ in Eq. ͑1͒:
This nonlinear Euler-Lagrange equation can be solved by standard iteration techniques to calculate the equilibrium density profiles ͑r͒ and the associated surface free energy ␥:
where A is the interfacial area and ⍀ u ͓͔ is the grand potential of the bulk uniform fluid in the reservoir at the given temperature and chemical potential.
For the reservoir fluid, Eq. ͑4͒ can be solved to calculate the density profiles for planar liquid-vapor, solid-liquid, and solid-vapor interfaces and the corresponding interfacial tensions ␥ lv , ␥ sl , and ␥ sv . These quantities can be used together with Young's equation
to calculate the bulk contact angle o at a single planar wall as predicted by the model for given values of h, g, and T. The Euler-Lagrange relationship in Eq. ͑4͒ can also be used to generate the density profiles ͑r͒ for confined fluids inside the cylindrical pore, which satisfy the following boundary conditions
where r is the radial cylindrical coordinate as measured from the capillary symmetry axis.
III. PHASE BEHAVIOR
The condensation and evaporation of a fluid in a cylindrical capillary are greatly influenced by the pore's size and the field strength of the confining walls. The location of the liquid-vapor phase transition in the confined fluid is determined by the equality of the excess free energy in Eq. ͑5͒ for the coexisting phases at a given temperature and chemical potential. In a first approximation, we can use classical capillarity theory to estimate the location of the transition. In this approach, the energy cost of confining a vapor (⌬⍀ v ) or a liquid (⌬⍀ l ) in a cylindrical pore of radius R and length L immersed in a gas at pressure P can be expressed as 17 ⌬⍀ v ϭ␥ sv 2RL, ͑8a͒
where P l is the pressure of the confined liquid. At coexistence, ⌬⍀ v ϭ⌬⍀ l and thus
where we have used Young's equation ͓Eq. ͑6͔͒. Assuming that the liquid is incompressible and the gas is ideal, this last expression can be reduced to the well-known Kelvin equation for the pressure at which condensation occurs inside the pore
where l is the density of the liquid phase and Sϭ P/ P sat is the bulk supersaturation. The Kelvin equation predicts the occurrence of condensation inside the pore at supersaturations Sр1 for fluids with small contact angles (0р o р/2), and in supersaturated vapors (SϾ1) for systems with o Ͼ/2. In general, Eq. ͑10͒ provides an accurate description of the phase behavior of fluids confined in large pores but fails to model the behavior of smaller systems. We have explored the phase behavior of fluids confined in cylindrical pores as a function of the radius R and surface field h using density functional theory ͑DFT͒. To simplify the analysis, we have set the dimensionless constant K/(kT c b 5/3 )ϭ4.0 and the surface enhancement field g ϭϪK/b in all our calculations; these values lead to qualitatively realistic surface properties for the van der Waals fluid under various conditions. 18 All the numerical results presented in this paper are expressed in reduced units, with b ). As predicted by several previous studies, 2,3 the phase behavior of the confined fluid is characterized by the continuous shift of the liquid-vapor critical point to lower temperatures than the bulk value as the radius of the pore is decreased or the surface field is increased. The reduction of the pore's width at a fixed temperature leads to the disappearance of the liquid-vapor transition below a critical radius R c as can be seen in Fig. 1 , where we show results for systems at a constant reduced temperature T r ϭT/T c ϭ0.5 and surface field h*ϭ2.0 ͑corresponding to a bulk contact angle o ϭ74.9°). For this set of systems, the location of the liquidvapor transition ͑capillary binodal line͒ shifts to lower supersaturations ⌬ Pϭ P l Ϫ PϷ l kT ln(S)Ͻ0 because solid-fluid interactions favor the condensation of the liquid. Eventually, the reduction in the net amount of fluid-fluid interactions as R is decreased leads to the appearance of a critical point. This behavior certainly deviates from the predictions of the classical capillary approach, which are only accurate for the larger pores ͑solid line in Fig. 1͒ .
The two coexisting phases for the set of systems represented in Fig. 1 are best described as an adsorbed gaslike phase and a desorbed liquidlike phase. Analogous to bulk fluids, the limit of metastability of each of these phases is determined by the location of the liquid and vapor capillary spinodals depicted by dotted lines in Fig. 1 . These spinodal lines correspond to states of diverging compressibility (d 2 ⌬⍀/d͗͘ 2 )ϭ0, where ͗͘ is the average density inside the pore, 17, 19 and delimit the regions where the dynamics of phase transitions are determined by nucleation processes.
IV. NUCLEATION OF BUMPS, LENSES, AND DROPLETS
We have explored the properties of critical nuclei for vapor-to-liquid and liquid-to-vapor phase transitions inside a cylindrical capillary. In the density functional approach, critical clusters correspond to saddle points of the grand potential ⍀͓͑r͔͒ in an open system, or to minima of the Helmholtz free energy Fϭ⍀ϩ for a closed system with fixed number of particles N. 20, 21 In this latter case, the system can be envisioned as a fluid confined by cylindrical solid walls of radius R, and perfectly nonwetting-nondrying upper and lower flat caps separated by a distance L much larger than the axial size of the nucleus.
In a closed system with N particles, 
Density profiles for critical nuclei can then be derived by solving this integro-differential equation by a nonlinear multigrid method for given values of N and T. 22 For nuclei with cylindrical symmetry, these solutions should satisfy the following boundary conditions:
K͑d/dr͒ rϭR ϭϩhϩg R , ͑14b͒
K͑d/dz͒ zϭL/2 ϭ0, ͑14c͒
where we have placed the center of the nucleus at rϭ0 and zϭL/2, with z as the axial coordinate measured along the symmetry axis of the pore. Once the density profile (r,z) of a critical nucleus is generated, the corresponding work of formation can be calculated as the grand potential difference
where ⍀͓ ␣ (z)͔ is the grand potential of the surrounding metastable phase with density ␣ (r) inside the capillary. At fixed T, the thermodynamic properties of this phase are determined by the value of the chemical potential of the system given by Eq. ͑12͒. The properties of cylindrically symmetric critical nuclei as a function of supersaturation S are summarized in Figs. 2 and 3. All these results correspond to the case of a vapor-toliquid transition in a cylindrical pore of radius R*ϭ8.0 and surface field h*ϭ2.0, at a reduced temperature T r ϭ0.5. At high supersaturations, critical droplets in these types of systems correspond to annular density bumps that extend along the wall over the perimeter of the pore as shown in Fig. 2͑a͒ . The work of formation ⌬⍀* and the size of these nuclei, as measured by the excess number of particles,
decrease continuously as we approach the capillary spinodal, where ⌬⍀* vanishes ͓see Figs. 3͑a͒ and 3͑b͔͒. The size and energy cost of the critical annular bumps increase as S decreases; the density in the center of the capillary also increases during this process.
Critical nuclei have an annular bump structure between the spinodal and a well-defined supersaturation SϭS a . Below this value, there is range of supersaturations in which no local minima of the Helmholtz free energy corresponding to critical nuclei exist ͓gap in Figs. 3͑a͒ and 3͑b͔͒ . A different type of critical cluster can be found at lower supersaturations, between a supersaturation S l and the capillary binodal; these nuclei have a disk or lenslike structure in which the liquid fills the cross section of the capillary ͓Fig. 2͑b͔͒. The excess number of particles in these liquid lenses increases rapidly with decreasing supersaturation ͓Fig. 3͑b͔͒, and diverges at the binodal. However, the associated work of formation reaches a finite constant value determined mostly by the liquid-vapor interfacial free energy of the growing column of liquid. This result implies that the phase transition inside the cylindrical capillary should proceed at a finite rate even under conditions of phase coexistence.
The critical clusters at the supersaturations S a and S l have different structures and sizes, but the same average density ͗͘. They correspond to thermodynamic states in a closed system for which ͉d/d͉͗͘, and thus ͉(d 2 F/d͗͘ 2 )͉, diverge; any slight variation in the density induces a sudden change in the cluster's structure under such conditions. Neimark and Vishnyakov have given the name of ''superspinodals'' to these states with zero compressibility. 13, 23 The clusters at the superspinodals do not necessarily play a role in the nucleation process in an open system. Figure 4 depicts the barrier to nucleation for a cylindrical pore at a supersaturation S o ϾS a . To calculate this barrier we have assumed that the free energy cost ⌬⍀ o of creating a given cluster of size i e at a vapor supersaturation S o , determined by the chemical potential o , can be estimated from the corresponding work of formation ⌬⍀* for the same cluster in equilibrium with its surrounding vapor with a chemical potential *. In particular, we take
The critical nucleus at the top of the barrier in Fig. 4 corresponds to an annular bump. Once formed, this cluster may grow and spontaneously transform into a liquid bridge at a certain critical size, determined by the intersection of the two independent branches in Fig. 4 , before reaching the stability limit. The morphological transition from bumplike to lenslike states in the condensation and evaporation of confined fluids in cylindrical pores has been previoulsy described by Everett and Haynes 10 using a classical capillary approach, and by Kornev et al. based on a mesoscopic theory that introduces the interfacial effects of the disjoining pressure. 11 Recent Monte Carlo simulations of a Lennard-Jones fluid have confirmed this scenario. 13 In these simulations, the authors also report a spontaneous transition from bumplike configurations to uniform films at high supersaturations. However, this type of behavior is not observed in our model for which annular bump solutions can be found up to the capillary spinodal. Similar results to ours are described by Kornev, Shingareva, and Neimark.
11
We have also studied the properties of critical nuclei inside pores of different widths as a function of the supersaturation S. Figures 5͑a͒ and 5͑b͒ illustrate, respectively, the variation of the work of formation ⌬⍀* and excess number of particles i e for pores of different radii ͑surface field h* ϭ2.0). The energy cost and critical cluster size is always larger for the wider pores at any given supersaturation. The supersaturation gap associated with unstable states becomes smaller as the value of R increases and the transition between bumplike and lenslike structures is less pronounced. Figure 6 illustrates the effect of the surface field h* on the work of formation of critical clusters in a pore with a fixed radius R*ϭ8. In this case, the system evolves from a condition of partial wetting at h*ϭ2.0 ( o ϭ74.9°) to a state of partial drying at h*ϭ0.5 ( o ϭ132.3°). A decrease in the value of the surface field shifts the locations of the binodal and vapor spinodal to higher supersaturations; the energy cost for the formation of critical clusters inside the capillary increases at any given supersaturation during this process. Note that the barrier to nucleation near capillary coexistence passes through a maximum for values of h* leading to a bulk contact angle of 90°; this result is independent of the size of the pore. As solid-fluid interactions become less favorable, the critical nuclei start detaching from the wall and the instability gap disappears. Under these circumstances, the density profiles for critical clusters have a maximum at the center of the pore and nuclei resemble convex lenses at all supersaturations.
Critical droplets that do not have cylindrical symmetry can also form on the internal wall of the capillary. The analysis of their properties is computationally more demanding as the density profiles depend on the three spatial coordinates. We have explored the properties of such droplets at high supersaturations where the critical clusters are small compared to the radial cross section of the capillary. Our results indicate that under such conditions the work of formation of this asymmetric droplets is always smaller than the energy cost of creating an annular bump at the same supersaturation. Thus, one can expect the asymmetric clusters to determine the dynamics of the phase transition at high values of S, particularly for wider pores. Similar results have been recently described by Lefevre et al., using a classical capillarity approach and surface energy minimization techniques. 12 In this work, the authors indicate that the asymmetric droplets eventually become unstable as their volume increases and a sudden transition to lenslike solutions occurs. We can expect a similar transition in the van der Waals fluid as the supersaturation, and thus the average density inside the pore, increases. Additional calculations are needed to confirm this scenario.
The properties of critical bubbles formed in metastable liquids inside cylindrical pores are analogous to those just described for the vapor-to-liquid transition. The behavior of critical gaseous bumps, lenses, and bubbles for values of the surface field h* that favor partial drying of the capillary wall is qualitatively identical to that of liquidlike nuclei under partial wetting conditions.
V. CLASSICAL CAPILLARITY THEORY
Results from DFT for the work of formation of critical nuclei inside a cylindrical pore can be compared with predictions from the classical capillarity theory ͑CCT͒. In this approach, all nucleating clusters are treated as macroscopic droplets with bulk surface tensions. Let us consider a liquid droplet inside a capillary of radius R. The energy cost of creating this droplet maybe written as 24 ⌬⍀ϭϪV⌬ PϩA lv ␥ lv ϩA sl ͑ ␥ sl Ϫ␥ sv ͒ϩL slv , ͑18͒
where ⌬ Pϭ P l Ϫ P is the pressure difference between the liquid in the droplet and the surrounding vapor; V is the volume of the droplet; A lv and A sl are the areas of condensed phase in contact with the vapor and the cylinder wall, respectively; and is the line tension of the three-phase contact line of length L slv .
For symmetrical droplets such as annular bumps and liquid lenses, the work of formation ⌬⍀ can be expressed in terms of the position of the liquid-vapor interface z(r) as defined in Fig. 7 :
where zЈ(r)ϭdz(r)/dr. where r c defines the position of the annular tip of the bump. The second-order differential Eq. ͑20͒ can be integrated from an arbitrary point r to the maximum radius R using Eq. ͑21͒. The result yields
͑24͒
Capillary coexistence is determined by the Kelvin relationship in Eq. ͑9͒. For all supersaturated vapors ⌬ P ϾϪ2␥ lv cos( o )/R, and thus it is always possible to find a value of 0Ͻrϭr c ϽR for which g(r c )ϭ1. Hence, CCT predicts that the critical nuclei for metastable vapors confined in cylindrical pores have an annular shape that can be determined by numerically integrating Eq. ͑23͒. The solution may then be used to calculate the corresponding work of forma- tion ⌬⍀* using Eq. ͑19͒. The lenslike solution becomes available only in the limit of capillary coexistence, where g(r)ϭr⌬ P/2␥ lv . The resulting shape corresponds to that of a spherical cap. These results imply that in the classical theory the bump-to-lens transition is confined to the capillary binodal for all values of the contact angle. DFT can be used to calculate the different interfacial tensions, ␥ lv , ␥ sl , ␥ sv , and the line tension for the van der Walls fluid. 1, 21 These results then can be used to estimate the work of formation ⌬⍀* as predicted by CCT for this system. In Fig. 8 we compare the predictions of DFT and CCT for the work of formation of critical droplets inside a cylindrical pore with R*ϭ8.0 and h*ϭ2.0 at T r ϭ0.5. In the case of CCT, we also include results that show the effect of neglecting the free energy contributions from the line tension. As can be seen in this figure, the predictions of the classical approach follow closely those of DFT when the line tension is taken into account, even for the branch of lenslike nuclei. For the systems investigated in this work the line tension is negative (*ϭb 1/3 /KT c ϭϪ0.605 for h*ϭ2.0 and g* ϭϪ4), but qualitatively similar results are seen in other cases. Without the line tension term, CCT overestimates the height of the barrier to nucleation at all supersaturations. These results are in agreement with recent work by Lefevre et al. who used CCT to analyze their experimental results on intrusion-extrusion cycles of water in hydrophobic mesopores. 12 In this work, inclusion of a negative line tension as an adjustable parameter results in excellent agreement between theory and experiment for the extrusion processes. In general, the classical approach becomes less accurate as the supersaturation is increased towards the capillary spinodals and for all critical clusters in the smaller pores. However, CCT and DFT results compare reasonably well even in these cases.
VI. CONCLUSIONS
DFT is a powerful tool to explore the thermodynamic properties of inhomogeneous fluids. In particular, in this work we have used a local DFT in the square gradient approximation to investigate the thermodynamic properties of critical nuclei for the liquid-vapor transition of van der Waals fluids confined in cylindrical pores. The proposed model has allowed us to describe the effect of pore size, surface field, and supersaturation on the behavior of the system.
Our calculations predict the existence of at least three different pathways for the nucleation of droplets and bubbles in partially wet/dry cylindrical capillaries. Nucleation at high supersaturations occurs in the form of asymmetric droplets or bubbles in contact with the wall or as symmetric annular bumps that span the internal perimeter of the pore. As the supersaturation decreases, these solutions become suddenly unstable and lenslike droplets or bubbles develop. This morphological transition is driven by the existence of states of zero compressibility in the capillary. These states enclose a region of instability where no local minima of the Helmholtz free energy exist. Previous theoretical works by Everett and Haynes, 10 based on CCT, and Kornev et al. based on a Dejarguin model, 11 discuss this morphological transition between axisymmetric nuclei in wet capillaries. Recent Monte Carlo simulations for a Lennard-Jones fluid confirm this scenario. 13 In this work, we have taken advantage of DFT to study the nucleation process in cylindrical capillaries under a wide variety of conditions. Our results show that the size and work of formation of all types of liquid nuclei increase as the supersaturation decreases. In particular, the size of lenslike clusters diverge at the binodal while the corresponding work of formation reaches a finite value at coexistence. The height of the barrier to nucleation is smaller for the smaller pores and decreases with increasing values of the surface field ͑smaller contact angles͒. Analogous results are found in the nucleation of bubbles in metastable liquids.
We have shown that the classical capillarity theory provides surprisingly accurate predictions of the work of formation of critical nuclei in the van der Walls fluid, but only when the contributions of the line tension are incorporated. The crucial effect of the line tension on the classical results has been consistently demonstrated by all our previous theoretical studies on the heterogeneous nucleation of fluids. 9, 21, 25 It has also been confirmed by studies based on experimental results for the extrusion of water from hydrophobic mesopores. 12 Simple models based on DFT have allowed us to develop a reasonably good understanding of the dynamics of phase transitions of monocomponent fluids in pores with simple geometries. However, there is a need to develop models to study more complex systems that include the effects of chemical and geometrical heterogeneity. Simple local models, such as the one discussed in this paper, can also be applied to explore phase separation processes of fluid mixtures in porous media. 
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